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Abstract 
Defects or flaws in highly loaded structures have a significant impact on the structural 
integrity. Early inspection of faults can reduce the likelihood of occurrence of potential 
disasters and limit the damaging effects of destructions. According to our previous work, a 
novel approach called as Quantitative Detection of Fourier Transform (QDFT) using guided 
ultrasonic waves is developed in this paper for efficiently detecting defects in pipeline 
structures. Details of this fast method consist of three steps: First, an in-house finite element 
code has been developed to calculate reflection coefficients of guided waves travelling in the 
pipe. Then, based on boundary integral equations and Fourier transform of 
space-wavenumber domain, theoretical formulations of the quantitative detection are derived 
as a function of wavenumber using Born approximation. This lays a solid foundation for 
QDFT method, in which a reference model in a problem with a known defect is utilized to 
effectively evaluate the unknown defects. Finally, the location and shape of the unknown 
defect are reconstructed using signal processing for noise removal. Several examples are 
presented to demonstrate the correctness and efficiency of the proposed methodology. It is 
concluded that the general two-dimensional surface defects can be detected with high level of 
accuracy by this fast approach. 
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1. Introduction 
Quantitative detection of defects in elastic solid is always a hot research topic, and how to 
precisely determine the defect location and shape is the focus. Early in the ultrasonic 
inspection, the diffraction tomography (Devaney, 1984; Blackledge, 1987) of the scalar fields 
was applied, based on full-space Green’s function and the equation of scatter fields, to inspect 
defects in solid, where locations of the source and receiver were different. Subsequently, 
Blackledge et al. (1987) used quantitative diffraction tomography of elastic waves to 
reconstruct two-dimensional defects. The tomography methods reconstruction was also 
applied to inspect concrete structures with and without reinforcement (Chang et al., 2018). In 
order to reduce the costs of samplings and experiments, and enhance the image resolution, 
many researchers (Laroque et al., 2008; Batenburg and Sijbers, 2011; Sheppard and Shan, 
2010) proposed different algorithms to improve diffraction tomography. In the inverse 
problems, other approaches were given, which were suitable for different models, such as 
eddy current methods (Dobson and Santosa, 1998), time reversal (Minnaar and Zhou, 2004) 
and modal power flow (Wang et al., 2009). 
  Recently, ultrasonic guided waves have been also used to detect defects, because they are 
more suitable and effective for large structures inspection. For plate-like structures, Leonard 
et al. (2002) applied tomographic reconstruction for nondestructive evaluation (NDE) of 
aerospace structures. Huthwaite and Simonetti (2013) and Huthwaite (2014) compared the ray 
tomography and diffraction tomography techniques, and provided a mechanism to determine 
the thickness from a velocity reconstruction. Jing et al. (2017) showed accurate reconstruction 
of guided wave tomography using full waveform inversion and Hosoya et al. (2018) proposed 
a non-contact, non-destructive method to generate Lamb waves by laser-induced plasma.  
  It is challenging work to consider defect inspection in pipeline structures due to the 
difficulty of extracting singe mode from multiple modes of waves. How to excite useful 
guided waves in pipelines by experiments is the first step during the process of detecting 
pipes. Ditri and Rose (1992) applied surface tractions and the normal mode expansion 
technique to excite guided waves in hollow cylinders. The flexible PVDF pipe comb 
transducers were designed (Hay and Rose, 2002), which can enhance axial displacements and 
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reduce radial displacements. Liu et al. (2006) utilized thickness shear mode piezoelectric 
elements to excite T(0,1) mode. In the meanwhile, numerical calculations were performed to 
simulate scattering fields by many researchers. A combination of finite element formulation 
and wave function expansion were employed to investigate the scattering of axisymmetric 
guided waves (Rattanawangcharoen et al., 1997). Duan and Kirby (2015) applied a weighted 
residual formulation to deliver an efficient hybrid numerical formulation. Mountassir et al. 
(2018) suggested a Structural Health Monitoring (SHM) method for damage detection and 
localization in pipeline by calculating a sparse estimation of the current signal. To further 
apply guided waves for defect inspection in pipes, several detecting methods have been 
proposed. By frequency bandpass filters and wavelet analysis, Siqueira et al. (2004) processed 
ultrasonic signals with a low signal/noise ratio acquired with a single transducer in an 
pulse-echo configuration. Stoyko et al. (2014) found dispersive guided waves can be used to 
detect a notch in pipes due to the difference of the cutoff frequencies between undamaged 
pipes and damaged pipes. Employing a circumferentially distributed phased array, guided 
wave focusing techniques (Mu et al., 2007) were used to detect axial and circumferential 
location, which improved penetration power and circumferential resolution. An ant colony 
classiﬁcation model was proposed to detect structural defects in piles by evaluating 
displacement–time plots to improve the reliability of pile monitoring (Psychas et al., 2016). 
  In this paper, we adopt reflection coefficients in full wavenumber domain to reconstruct the 
pipes’ defects using boundary integral equation of ultrasonic waves. To improve surface 
defect detection, an in-house hybrid finite element (FE) code is developed to efficiently 
calculate reflection coefficients in scattering fields. Following this, a new approach, called as 
Quantitative Detection of Fourier Transform (QDFT), is proposed for reconstruction of 
defects with high level of accuracy and efficiency. The procedure of QDFT for defect 
detection consists of three steps: first, Fourier transform is applied to convert the shape 
function 𝜂0(𝑥) of a known defect into a wavenumber domain function 𝛨0(𝑘). Then, 
reflection wave coefficients 𝐶0(𝑘) are calculated by hybrid FEM. Based on boundary 
integral equation, the term 𝐵(𝑘), which only depends on wavenumbers for a given thickness 
of the structure, is approximately obtained from the reference model. Finally, employing 
inverse Fourier transform, the real defect 𝜂(𝑥) is reconstructed. It is noted that the general 
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two-dimensional surface defects can be detected with high level of accuracy by the developed 
QDFT. 
2. Brief review of boundary integral equations for scattering problems 
  According to reciprocal theorem (Schmerr, 1998), the integral equation of total fields in 
Cartesian coordinate system is written as: 
∫[𝑢𝑖
total(𝒙)𝑇𝑖𝑗
𝛼(𝒙 − 𝑿) − 𝑈𝑖
𝛼(𝒙 − 𝑿)𝜎𝑖𝑗
total(𝒙)]𝒏𝑗𝑑𝑆(𝒙)
 
𝑆
= 𝑢𝛼
sca(𝑿)  
 𝑖, 𝑗, 𝛼 = 1,2           𝑿 ∉ 𝑉 (1) 
where the field point and source point are defined by the coordinates (𝑥1, 𝑥2) and (𝑋1, 𝑋2), 
respectively. The superscripts ‘total’ and ‘sca’ mean total fields and scatter fields, 𝑇𝑖𝑗
𝛼(𝒙 − 𝑿) 
and 𝑈𝑖
𝛼(𝒙 − 𝑿) represent full-space Green’s functions of stresses and displacements, 𝛼 is 
the direction of a unit load in Green’s function, 𝑢𝑖
total(𝒙) and 𝜎𝑖𝑗
total(𝒙) are displacements 
and stresses, 𝒏𝑗 denotes the normal vector of the defect boundary 𝑆(𝒙), and ‘𝑉’ depicts the 
defect area. Considering the traction-free boundary condition and Green’s function 
?̃?𝑖𝑗
𝛼(𝒙 − 𝑿) of the structure, displacements in scatter fields can be written as: 
∫[𝑢𝑖
total(𝒙)?̃?𝑖𝑗
𝛼(𝒙 − 𝑿)]𝒏𝑗𝑑𝑆(𝒙)
 
𝑆
= 𝑢𝛼
sca(𝑿)   𝑿 ∉ 𝑉 (2) 
  In light of Gauss’s divergence theorem, Eq. (2) can be further defined as   
∫ 𝑒−2𝑖𝜉𝑥2𝑒𝑖𝜉𝑋2 ∫ [𝐴𝑖
inc(𝑥1)?̃?𝑖𝑗
𝛼(𝑥1 − 𝑋1)],𝑗
𝑑𝑥1
ℎ
ℎ−∆ℎ𝑛(𝑥2)−𝜂(𝑥2)
𝑑𝑥2
+∞
−∞
= 𝑢𝛼
sca(𝑿) (3) 
where 𝜉 denotes wavenumber, the subscript ‘ , 𝑗 ’ denotes 
∂
∂𝑥𝑗
,  ?̃?𝑖𝑗
𝛼(𝒙 − 𝑿) = ?̃?𝑖𝑗
𝛼(𝑥1 −
𝑋1)𝑒
−𝑖𝜉(𝑥2−𝑋2), ℎ and 𝜂(𝑥2) signify the structure thickness and defect depth, respectively. 
According to Born approximation, the total fields can be approximately replaced by the 
incident fields. Therefore, 𝐴𝑖
total(𝑥1) ≈ 𝐴𝑖
inc(𝑥1), 𝑢𝑖
total(𝒙) ≈ 𝐴𝑖
inc(𝑥1)𝑒
−𝑖𝜉𝑥2, and 𝜂(𝑥2) →
0 if the defect is small. The incident and reflected waves with the same mode of the guided 
wave are written as 𝑢𝛼
inc(𝑿) = 𝐴𝛼
inc(𝑋1)𝑒
−𝑖𝜉𝑋2 and 𝑢𝛼
ref(𝑿) = 𝐴𝛼
ref(𝑋1)𝑒
𝑖𝜉𝑋2. 
When 𝑿 is far from the defect domain and lies in the reflection region, the displacements 
in the scattered fields are represented by the ones in the reflected fields: 
𝑢𝛼
sca(𝑿) = 𝑢𝛼
ref(𝑿) = 𝐴𝛼
ref(𝑋1)𝑒
𝑖𝜉𝑋2=𝐶ref(𝜉)𝐴𝛼
inc(𝑋1)𝑒
𝑖𝜉𝑋2 (4) 
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where the reflection coefficients 𝐶ref(𝜉) =
𝐴𝛼
ref(𝑋1)
𝐴𝛼
inc(𝑋1)
. 
Since the integrand [𝐴𝑖
total(𝑥1)?̃?𝑖𝑗
𝛼(𝑥1 − 𝑋1)],𝑗
 has no singularity, its original function 
must exist as follows 
?̃?(𝑥1, 𝜉)|h−𝜂(𝑥2)
h
= ∫ [𝐴𝑖
total(𝑥1)?̃?𝑖𝑗
𝛼(𝑥1 − 𝑋1)],𝑗
𝑑𝑥1
h
h−𝜂(𝑥2)
 (5) 
Considering Eqs. (4) and (5), Eq. (3) can be rewritten as: 
∫ 𝑒−2𝑖𝜉𝑥2𝑒𝑖𝜉𝑋2𝜂(𝑥2) lim
𝜂(𝑥2)→0
?̃?(h, 𝜉) − ?̃?(h − 𝜂(𝑥2), 𝜉)
h − (h − 𝜂(𝑥2))
𝑑𝑥2
+∞
−∞
≈ ∫ 𝑒−2𝑖𝜉𝑥2𝑒𝑖𝜉𝑋2𝜂(𝑥2)
𝑑?̃?(𝑥1, 𝜉)
𝑑𝑥1
|
𝑥1=h
𝑑𝑥2
+∞
−∞
≈ 𝐶ref(𝜉)𝐴𝛼
inc(𝑋1)𝑒
𝑖𝜉𝑋2 
(6) 
Substituting 𝑅(𝑘) with 
𝑑?̃?(𝑥1,𝜉)
𝑑𝑥1
|
𝑥1=h
in Eq. (6), one has 
∫ 𝜂(𝑥2)𝑒
−2𝑖𝜉𝑥2𝑑𝑥2
+∞
−∞
≈
𝐶ref(𝑘)𝐴𝛼
inc(𝑋1)
𝑅(𝑘)
 (7) 
  Finally, the defect depth is obtained by the inverse Fourier transform 
𝜂(𝑥2) ≈
1
2π
∫ 𝐶ref(𝑘)𝐵(𝑘)𝑒𝑖𝑘𝑥2𝑑𝑘
+∞
−∞
 (8) 
where 𝐵(𝑘) =
𝐴𝛼
inc(𝑋1)
𝑅(𝑘)
 and 𝑘 = 2𝜉. It is also noted that the derivation of Eq. (8) has been 
done in the framework of the zero-order asymptotic modeling, which was introduced in 
details by Argatov and Butcher (2011). 
3. Determination of reflection coefficients using in-house hybrid FEM  
 In Section 2, the relationship between the defect function 𝜂(𝑥2)  and reflection 
coefficients 𝐶ref(𝑘) has been described well by Eq. (8). This section mainly introduces how 
to precisely and efficiently solve the 𝐶ref(𝑘) by a hybrid finite element method (HFEM), 
which was developed by Stoyko et al. (2014) to detect a notch in a pipe. The early research 
work by Zhuang and Shah (1999) applied a similar approach to solve the fundamental 
solution of laminated anisotropic circular cylinder, and the further work was given by 
Marzani (2008). To improve the computational efficiency of simulations for reflection 
coefficients, an in-house HFEM based approach is developed in this paper and its formations 
are given with details in the following Section.  
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3.1 Formulation of HFEM 
In Fig. 1, 𝑟in and 𝑟out signify inner and outer diameters, h represents the wall thickness. 
The width and depth of the axisymmetric defect are depicted as 𝑙𝑎𝑦 and 𝑑𝑎𝑦, respectively. 
The pipe is truncated by two cross sections 𝑆1 and 𝑆2 along the z axis and the position of 
the two ends are presented as 𝑧𝑆1 and 𝑧𝑆2. The boundaries of the defect are denoted as 𝑧𝐿 
and 𝑧𝑅. The incident wave propagating along the negative direction of z axis is generated. 
Based on conventional FEM, the equation of motion for an isotropic elastic medium is written 
as: 
δ([𝐪]H)𝐒𝐪 = δ([𝐪]H)𝐏 (9) 
where  
𝐒 = 𝐊 − 𝜔2𝐌 (10) 
𝐊 and 𝐌 are the global stiffness and mass matrices, 𝜔 represents the circular frequency, 
and 𝐪 and 𝐏 are nodal displacements and force vectors, respectively. The superscript ‘H’ 
means conjugate transpose and ‘δ’ denotes the first variation. As shown in Fig. 1, the pipeline 
is modelled by 20 nodal hexahedron isoparametric elements. All nodes are divided into two 
categories: one group includes the boundary nodes located at the cross sections 𝑆1 and 𝑆2, 
which are marked by subscript ‘B’; the other group consists of the interior nodes, represented 
by subscript ‘I’.  
 
Fig. 1 A pipe with an axisymmetric defect 
  Rewriting Eq. (9) in matrix form, one can have  
δ([
𝐪I
𝐪B
]
H
) [
𝐒II 𝐒IB
𝐒BI 𝐒BB
] [
𝐪I
𝐪B
] = δ([
𝐪I
𝐪B
]
H
) [
𝐏I
𝐏B
] (11) 
where 𝐏I = 𝟎. The nodal displacement vector 𝐪B = {
𝐪𝑆1
𝐪𝑆2
} and force vector 𝐏B = {
𝐏𝑆1
𝐏𝑆2
} at 
𝑧 
𝑧𝑆1 𝑧𝑆2 𝑧𝐿 
𝑧𝑅 
𝑆1 𝑆2 
Incident wave 
Reflected wave Transmitted wave 
𝑑𝑎𝑦 
𝑙𝑎𝑦 
h 
𝑟𝑖𝑛 𝑟𝑜𝑢𝑡 
h 
𝑑𝑎𝑦 
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cross sections 𝑆1 and 𝑆2 can be decomposed into incidence, reflection and transmission 
components as below: 
𝐪𝑆1 = 𝐪𝑆1
inc + 𝐪𝑆1
tra (12) 
𝐪𝑆2 = 𝐪𝑆2
inc + 𝐪𝑆2
ref (13) 
and 
𝐏𝑆1 = 𝐏𝑆1
inc + 𝐏𝑆1
tra (14) 
𝐏𝑆2 = 𝐏𝑆2
inc + 𝐏𝑆2
ref (15) 
where the superscripts ‘inc’, ‘tra’ and ‘ref’ indicate the incident, transmitted and reflected 
waves, respectively. 
The displacement in pipelines can be presented by Fourier series in the 𝜃 direction:  
𝐔 = ∑ 𝑒𝑖𝑛𝜃?̅?𝑛
 (𝑧)
+∞
𝑛=−∞
 (16) 
where  ?̅?𝑛
 (𝑧) depicts the displacement for each circumferential mode 𝑛 including the 
propagating and non-propagating waves. It is noted that in this paper only 𝑛 = 0  is 
considered as the mode of the incident wave, i.e., circumferential symmetrical modes. 
According to different displacement forms, circumferential symmetrical modes are divided 
into the extensional mode L(0,𝑚)  and the torsional mode  T(0,𝑚). In the cylindrical 
coordinate system (𝑟, 𝜃, 𝑧), L(0,𝑚) includes displacements both in 𝑟 and 𝑧 directions, and 
T(0,𝑚) is only related to displacements in 𝜃 direction. Therefore, the nodal displacements 
of the incident waves 𝐪inc are written as 
𝐪inc = −
𝑖
2π𝑟0
𝑘01[𝛟01𝑢
𝐿 ]H𝐅0
𝐵01
𝛟01𝑢
𝑅 𝑒−𝑖𝑘01(𝑧−𝑧0) = 𝚽01
 𝑒−𝑖𝑘01(𝑧−𝑧0) (17) 
and the nodal forces are derived from the constitutive (stress-strain) relationship of the elastic 
material 
𝐏inc = {𝐃[(𝑩1 − 𝑖𝑘01𝑩3)𝚽01
 ] }𝒏𝑒−𝑖𝑘01(𝑧−𝑧0) = 𝐭inc𝑒−𝑖𝑘01(𝑧−𝑧0) (18) 
where 𝑘01  indicates the wavenumber of the T(0,1)  mode, 𝐃  is a (6 × 6)  matrix of 
cylindrically isotropic elastic moduli, 𝒏 means the normal vector of the cross sections, 𝑧0 is 
the location of source 𝐅0, and the other symbols can be found in the work (Zhuang and Shah, 
1999). 
According to Cook’s work for a pipe with axisymmetric defects (Cook, 1981), the 
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circumferential wavenumbers of the transmitted and reflected waves are required to be 
identical to those of the incident waves, i.e., the transmitted and reflected waves are only 
associated with 0th circumferential mode for the T(0,1) incident mode. On the cross sections 
𝑆1 and 𝑆2, the transmitted and reflected wave fields can be written in the summation forms  
𝐪𝑆1
tra = ∑ −
𝑖𝐴0𝑚
tra
2𝜋𝑟0
𝑘0𝑚[𝛟0𝑚𝑢
𝐿 ]H𝐅0
𝐵0𝑚
𝛟0𝑚𝑢
𝑅 𝑒−𝑖𝑘0𝑚𝑧
3(2M+1)
𝑚=1
= ∑ 𝐴0𝑚
tra𝚽0𝑚
tra𝑒−𝑖𝑘0𝑚𝑧
3(2M+1)
𝑚=1
 (19) 
𝐏𝑆1
tra = ∑ 𝐃[𝐴0𝑚
tra (𝑩1 − 𝑖𝑘0𝑚𝑩3)𝚽0𝑚
tra𝑒−𝑖𝑘0𝑚𝑧]
 
𝒏
3(2M+1)
𝑚=1
= ∑ 𝐴0𝑚
tra 𝐭0𝑚
tra𝑒−𝑖𝑘0𝑚𝑧
3(2M+1)
𝑚=1
 (20) 
and 
𝐪𝑆2
ref = ∑ −
𝑖𝐴0𝑚
ref
2𝜋𝑟0
𝑘0𝑚[𝛟0𝑚𝑢
𝐿 ]H𝐅0
𝐵0𝑚
𝛟0𝑚𝑢
𝑅 𝑒𝑖𝑘0𝑚𝑧
3(2M+1)
𝑚=1
= ∑ 𝐴0𝑚
ref 𝚽0𝑚
ref𝑒𝑖𝑘0𝑚𝑧
3(2M+1)
𝑚=1
 (21) 
𝐏𝑆2
ref = ∑ 𝐃[𝐴0𝑚
ref (𝑩1 + 𝑖𝑘0𝑚𝑩3)𝚽0𝑚
ref𝑒𝑖𝑘0𝑚𝑧]
 
𝒏
3(2M+1)
𝑚=1
= ∑ 𝐴0𝑚
ref 𝐭0𝑚
ref 𝑒𝑖𝑘0𝑚𝑧
3(2M+1)
𝑚=1
 (22) 
where M is the number of the radial discrete elements,  𝐴0𝑚
ref  and 𝐴0𝑚
tra  are the unknown 
reflected and transmitted coefficients.  
  In Eqs.(19)-(22), the wavenumber is real for propagating waves and complex for 
non-propagating waves. When 𝑘0𝑚  is purely imaginary or complex, the attenuation 
characteristics of non-propagating waves can not be accurately expressed in form of 𝑒𝑖𝑘0𝑚𝑧 
due to the potential large value of the exponential term. However, based on the fact that the 
defect in the pipelines can be treated as a scattering source generating the transmitted and 
reflected waves, the minimum attenuation distance can be defined by the defect location and 
cross sections. Therefore, Eqs.(19)-(22) are modified as follows: 
𝐪𝑆1
tra = ∑ (𝐴0𝑚
tra𝑒−𝑖𝑘0𝑚𝑧𝐿)𝚽0𝑚
tra𝑒−𝑖𝑘0𝑚(𝑧𝑆1−𝑧𝐿)
3(2M+1)
𝑚=1
≈ ∑ ?̃?0𝑚
tra𝚽0𝑚
tra𝑒−𝑖𝑘0𝑚(𝑧𝑆1−𝑧𝐿)
M̃
𝑚=1
 (23) 
𝐏𝑆1
tra = ∑ 𝐃[?̃?0𝑚
tra (𝑩1 − 𝑖𝑘0𝑚𝑩3)𝚽0𝑚
tra𝑒−𝑖𝑘0𝑚(𝑧𝑆1−𝑧𝐿)]
 
3(2M+1)
𝑚=1
≈ ∑ ?̃?0𝑚
tra 𝐭0𝑚
tra𝑒−𝑖𝑘0𝑚(𝑧𝑆1−𝑧𝐿)
M̃
𝑚=1
 
(24) 
and 
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𝐪𝑆2
ref = ∑ (𝐴0𝑚
ref 𝑒𝑖𝑘0𝑚𝑧𝑅)𝚽0𝑚
ref𝑒𝑖𝑘0𝑚(𝑧𝑆2−𝑧𝑅)
3(2M+1)
𝑚=1
≈ ∑ ?̃?0𝑚
ref 𝚽0𝑚
ref𝑒𝑖𝑘0𝑚(𝑧𝑆2−𝑧𝑅)
M̃
𝑚=1
 (25) 
 
𝐏𝑆2
ref = ∑ 𝐃[?̃?0𝑚
ref (𝑩1 + 𝑖𝑘0𝑚𝑩3)𝚽0𝑚
ref𝑒𝑖𝑘0𝑚(𝑧𝑆2−𝑧𝑅)]
 
3(2M+1)
𝑚=1
≈ ∑ ?̃?0𝑚
ref 𝐭0𝑚
ref 𝑒𝑖𝑘0𝑚(𝑧𝑆2−𝑧𝑅)
M̃
𝑚=1
 (26) 
It is noted that M̃ ≤ 3(2M + 1) is observed by ignoring the wavenumber 𝑘0𝑚 with a large 
imaginary part. Also, ?̃?0𝑚
tra  and ?̃?0𝑚
ref  are unknown coefficients in the above equations. 
Substituting Eqs.(17), (18), and (23)-(26) into Eqs. (12)-(15), the following equations can 
be derived  
𝐪𝑆1 ≈ 𝚽0𝑚
 𝑒−𝑖𝑘0𝑚(𝑧𝑆1−𝑧0) + ∑ ?̃?0𝑚
tra𝚽0𝑚
tra𝑒−𝑖𝑘0𝑚(𝑧𝑆1−𝑧𝐿)
M̃
𝑚=1
= ?̃?0𝑚
1 + ∑ ?̃?0𝑚
tra ?̃?0𝑚
tra
M̃
𝑚=1
 (27) 
𝐪𝑆2 ≈ 𝚽0𝑚
 𝑒−𝑖𝑘0𝑚(𝑧𝑆2−𝑧0) + ∑ ?̃?0𝑚
ref 𝚽0𝑚
ref𝑒𝑖𝑘0𝑚(𝑧𝑆2−𝑧𝑅)
M̃
𝑚=1
= ?̃?0𝑚
2 + ∑ ?̃?0𝑚
ref ?̃?0𝑚
ref
M̃
𝑚=1
 (28) 
and 
𝐏𝑆1 ≈ 𝐭
inc𝑒−𝑖𝑘0𝑚(𝑧𝑆1−𝑧0) + ∑ ?̃?0𝑚
tra 𝐭𝑆1
tra𝑒−𝑖𝑘0𝑚(𝑧𝑆1−𝑧𝐿)
M̃
𝑚=1
= 𝐭0𝑚
1 + ∑ ?̃?0𝑚
tra ?̃?0𝑚
tra
M̃
𝑚=1
 (29) 
𝐏𝑆2 ≈ 𝐭
inc𝑒−𝑖𝑘0𝑚(𝑧𝑆2−𝑧0) + ∑ ?̃?0𝑚
ref 𝐭𝑆2
ref𝑒𝑖𝑘0𝑚(𝑧𝑆2−𝑧𝑅)
M̃
𝑚=1
= 𝐭0𝑚
2 + ∑ ?̃?0𝑚
ref ?̃?0𝑚
ref
M̃
𝑚=1
 (30) 
Finally, the equation of motion is reformulated as follows:  
[𝐆] [
𝐪I
?̃?
] = [𝐓] (31) 
where 𝐆 = {[
𝐈 𝟎
𝟎 [?̃?]
H] [
𝐒II 𝐒IB
𝐒BI 𝐒BB
] [
𝐈 𝟎
𝟎 ?̃?
] − [
𝐈 𝟎
𝟎 [?̃?]
H] [
𝟎 𝟎
𝟎 ?̃?
]} , 𝐓 = [
𝐈 𝟎
𝟎 [?̃?]
H] {[
0
?̃?1
] −
[
𝐒II 𝐒IB
𝐒BI 𝐒BB
] [
0
?̃?1
]}, ?̃? =
[
 
 
 
 
 
 
?̃?01
tra
⋮
?̃?0M̃
tra
?̃?01
ref
⋮
?̃?0M̃
ref
]
 
 
 
 
 
 
，?̃? = [?̃?01
tra ⋯ ?̃?0M̃
tra ?̃?01
ref ⋯ ?̃?0M̃
ref]，?̃?1 = [
?̃?0𝑚
1
?̃?0𝑚
2 ]，
?̃?1 = [
𝐭0𝑚
1
𝐭0𝑚
2 ]， ?̃? = [?̃?01
tra ⋯ ?̃?0M̃
tra ?̃?01
ref ⋯ ?̃?0M̃
ref ]， 𝐈  is an identity matrix, 𝐪I  is the 
displacement vector of the interior nodes and ?̃? is the modified coefficients for scattered 
fields.  
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  Taking into account the shape function 𝐍 in FEM, displacements and forces of any 
particle in pipelines can be determined with respect to different modes 
𝑢0𝑚
tra = ?̃?0𝑚
tra𝐍?̃?0𝑚
tra；𝑓0𝑚
tra = ?̃?0𝑚
tra𝐍?̃?0𝑚
tra  (32) 
and 
𝑢0𝑚
ref = ?̃?0𝑚
ref 𝐍?̃?0𝑚
ref；𝑓0𝑚
ref = ?̃?0𝑚
ref 𝐍?̃?0𝑚
ref  (33) 
When T(0,1) is used for the incident waves, transmitted and reflected coefficients are 
obtained  
𝑅01
tra =
𝑢01
tra
𝑢01
inc
 (34) 
and 
𝐶01
ref =
𝑢01
ref
𝑢01
inc
𝑒−2𝑖𝑘01𝑧 (35) 
  In Fig. 1, energy carried by the guided waves is stored in the closed region bounded by S1, 
S2, and inner and outer cylindrical surfaces being traction-free. And the time-average values 
of energy flux in S1 and S2 can be written as  
E 
tra = ∑∬ conj(𝑓0𝑡
tra + 𝑓0𝑚
inc𝛿𝑚𝑡)(?̇?0𝑡
tra + ?̇?0𝑚
inc𝛿𝑚𝑡)d𝑆
 
𝑆1
NP
𝑡=1
 (36) 
and 
E 
ref = ∑∬ conj(𝑓0𝑡
ref)?̇?0𝑡
refd𝑆
 
𝑆2
NP
𝑡=1
 (37) 
where 𝑓0𝑚
inc means the nodal force of the mth incident mode, 𝑓0𝑡
tra and 𝑓0𝑡
ref are nodal forces 
of the tth transmitted and reflected modes. ?̇? denotes time derivative, 𝛿𝑚𝑡 is a Kronecker 
symbol, and the ‘conj’ signifies complex conjugate. NP represents the number of the 
scattered guided wave modes and only depends on the incident frequencies for a given 
thickness of the pipe.  
  The time-average power of the incident energy flux in 𝑆2, a source of energy, is also 
expressed as 
E0𝑚
inc = ∬ conj(𝑓0𝑚
inc)?̇?0𝑚
incd𝑆
 
𝑆2
 (38) 
Taking into account the energy conservation principle, the incident time-average power 
must be equal to the sum of energy carried by transmitted and reflected modes, and their 
ratios should satisfy the condition： 
11 
 
E 
tra
E0𝑚
inc
+
E 
ref
E0𝑚
inc
= Ẽ 
tra + Ẽ 
ref = 1 (39) 
where Ẽ 
tra =
E 
tra
E0𝑚
inc , Ẽ 
ref =
E 
ref
E0𝑚
inc .  
This equation can be used to check the correctness of scattered fields solved by the developed 
in-house HFEM in the following section. 
3.2 Validation of in-house HFEM 
  In the numerical simulations, the pipeline has been modelled with 20 nodal hexahedron 
isoparametric elements and its parameters are 𝑑ay = 0.50h and 𝑙ay = 0.568h shown in Fig. 
1. L(0,1), L(0,2)and T(0,1) are chosen as the modes of incident waves. The time-average 
power of the energy flux can be calculated by in-house HFEM for the different modes of 
incident waves, respectively. The simulation results are given in Fig. 2. Obviously, the 
summation of the reflected energy ratio and transmitted energy ratio for the same mode is 
equal to one, which demonstrates the correctness of the calculation from the energy 
conservation point of view. 
  To further verify the correctness of the in-house HFEM, the simulated reflection 
coefficients for L(0,2) mode of incident waves have been compared with the ones from 
Stoyko’s work (Stoyko et al., 2014) shown in Fig. 3. It is observed that the results by the 
developed HFEM are in very good agreement with the data provided by Stoyko.  
 
Fig. 2 The time-average power with frequency for different incident modes for a defect profile with 
𝑑ay = 0.50h and 𝑙ay = 0.568h 
0 2 4 6 8 10 12 14 16
x 10
4
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Frequency (Hz)
E
n
e
rg
y
 r
a
ti
o
 
 
Transmitted energy L(0,1)
Reflected energy L(0,1)
Transmitted energy L(0,2)
Reflected energy L(0,2)
Transmitted energy T(0,1)
Reflected energy T(0,1)
12 
 
 
Fig. 3 The absolute values of the reflection coefficients of L(0,2) for a defect profile with 𝑑ay =
0.50h and 𝑙ay = 0.568h 
4. Reconstructing defects by QDFT 
Usually, the scattered wave field is measured using experimental tests or simulated by 
numerical methods such as finite element method. As introduced in Section 3, an in-house 
HFEM code is developed in this work to calculate reflection coefficients. To reconstruct 
defects in plate structures, Wang and Hirose (2012) and Wang et al. (2015) applied a 
boundary integral equation method with ultrasonic guided waves. In this method, only one 
point to transmit and receive signals is needed. It is suitable to detect defects resulted from a 
plate thinning. The main challenge of using boundary integral equation method to reconstruct 
defects is to derive Green’s functions of the corresponding structure. For some simple 
structures, Green’s function can be obtained by mathematical derivations. However, it is 
impossible to represent the analytical Green’s functions of complex structures.  
  To address this problem, an enhanced method, called as Quantitative Detection of Fourier 
Transform (QDFT), is developed in this section to efficiently reconstruct defects using guided 
ultrasonic waves. This approach has the advantage of avoiding the derivation of closed-form 
Green’s functions for general solids and weakens the hypothesis of small existing and 
emerging defects, as is required to derive Eq. (5) in Section 2. Details of the QDFT method 
are introduced in the following paragraphs. 
  Based on Eqs. (7) and (8) for the reconstruction of defects introduced in Section 2, a 
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remarkable conclusion can be drawn that the reflection coefficients 𝐶ref(𝑘) and defect 
function 𝜂(𝑥2) can be written as a Fourier transform pair by introducing the term 𝐵(𝑘), 
which only depends on wavenumbers for a given thickness of the structure. Since the 
reflection coefficients of an unknown defect are usually measured by experimental tests, the 
major challenge in defect reconstructions is to determine 𝐵(𝑘) with sufficient accuracy and 
efficiency. From a practical point of view, the defect function 𝛨(𝑘) in wavenumber domain 
can be formulated by applying Fourier transform 
𝛨(𝑘) = ∫ ?̃?(𝑥2)𝑒
−𝑖𝑘𝑥2𝑑𝑥2
+∞
−∞
 (40) 
where ?̃?(𝑥2) is the defect function in spatial domain, 𝑥2 is the axis of propagating direction 
of guided waves, 𝑘 means the wavenumber of guided waves. 
  Taking into account Eqs. (7), (8), and (40), the term ?̃?(𝑘) of an unknown defect can be 
obtained as follows:  
?̃?(𝑘) ≈
𝛨(𝑘)
𝐶ref(𝑘)
 (41) 
According to the foregoing derivations, an enhanced method to reconstruct unknown 
defects using the term 𝐵0(𝑘) of a known defect, with which the term ?̃?(𝑘) of an unknown 
defect will be replaced, is proposed and it is called as Quantitative Detection of Fourier 
Transform (QDFT). The detailed procedure of QDFT is described below: 
   
Step 1: To apply Fourier transform on the known defect 𝜂0(𝑥2) and then, obtain its Fourier 
transform pair 𝛨0(𝑘) in wavenumber domain; 
Step 2: To calculate 𝐵0(𝑘) in use of Eq. (41) and it should be noted that reflection 
coefficients 𝐶0
ref(𝑘) of the known defect is computed by in-house HFEM;  
Step 3: To obtain the reflection coefficients 𝐶 
ref(𝑘) of the unknown defect by experimental 
tests; 
Step 4: To reconstruct the unknown defects using the results (𝐵0(𝑘) and 𝐶 
ref(𝑘)) obtained 
from Step 2 and Step 3. 
𝜂1(𝑥2) ≈
1
2π
∫ 𝐶ref(𝑘)𝐵0(𝑘)𝑒
𝑖𝑘𝑥2𝑑𝑘
+∞
−∞
 (42) 
  It is noted that the closer the profile of the known defect matches the shape of the unknown 
flaw, the better the reconstruction of defects is. Practically, the results of representing defects 
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are of satisfactory quality when the unknown ?̃?(𝑘) is replaced by 𝐵0(𝑘) of a known 
rectangular defect for initial calculation in a process of defect reconstruction. 
5. Processing the signal of reference model and numerical experiments 
5.1 Validation of the proposed QDFT method 
  In this section, three different sizes of single rectangular axisymmetrical defects in 
pipelines are analyzed using in-house HFEM to determine reflection coefficients, which are 
then used for the following reconstruction of defects. The defect parameters are shown in Fig. 
4: Case 1, 𝑙ay = 0.7778h and 𝑑ay = 0.3333h; Case 2, 𝑙ay = 1.40h and 𝑑ay = 0.1667h; 
Case 3, 𝑙𝑎𝑦 = 1.40h and 𝑑𝑎𝑦 = 0.3333h. The wall thickness in all three cases is  h =
0.0056m. The corresponding reflection coefficients in each case are computed using in-house 
HFEM described in Section 3 and presented in Fig. 5. 
 
Fig. 4 Three different sizes of single rectangular defects: (a) Case 1, (b) Case 2, and (c) Case 3 
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Fig. 5 Absolute values of reflection coefficients C0
ref (a), and B0 (b) as a function of frequency 
  It is observed that the shorter the defect length 𝑙ay is, the smaller the defect height 𝑑𝑎𝑦 is, 
and the wider the first peak bandwidth gets. However, the length of a defect 𝑙ay is a major 
factor which leads to a high initial peak bandwidth. The reflection coefficients 𝐶0
ref(𝑘) 
approach to zeros in Fig. 5(a), which comply with the positions of cuspidal points on the 
curve 𝐵0(k) shown in Fig. 5(b). Actually, the contributions of 𝐵0(k) to the reconstruction 
of defects at the cuspidal points are very little due to the zero values of the corresponding 
reflection coefficients and this can be proved using Eq. (8). It is concluded that the 
reconstruction accuracy is influenced by the interaction of 𝐵0(𝑘) and 𝐶0
ref(𝑘), each of 
which has been affected by the shape of a defect in terms of magnitudes. 
In the proposed QDFT approach, the information of the real flaw is given as: 𝑙ay =
1.40h and 𝑑ay = 0.3333h. The curve 𝐵0
(1)(𝑘) of Case 2 described in Section 4 is initially 
considered as the reference curve 𝐵0(𝑘)  to reconstruct the unknown defect. The 
0 1 2 3 4 5 6 7
x 10
5
0
200
400
600
800
1000
1200
Frequency (Hz)
B
0
(k
)
 
 
Case 1
Case 2
Case 3
0 1 2 3 4 5 6 7
x 10
5
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
Frequency (Hz)
R
e
fl
e
c
ti
o
n
 c
o
e
ff
ic
ie
n
ts
  
T
(0
,1
)
 
 
Case 1
Case 2
Case 3
(a) 
(b) 
5.65 5.7 5.75 5.8 5.85
x 10
5
-30
-20
-10
0
10
20
30
Frequency (Hz)
B
0
(k
)
 
 
16 
 
reconstructed result is shown in Fig. 6. Employing Fourier transform, the fluctuation of the 
predicted defect within the region of no defect along the pipe is converted in frequency 
domain shown in Fig. 7. It is noted that the fluctuation in the non-defective region actually 
results from the contribution of the cuspidal points on the red curve 𝐵0
(1)(𝑘)  to the 
construction of defects because the frequencies (about 173 KHz and 574 KHz) of such noise 
in Fig. 7 are exactly the same as the ones in Fig. 5. In order to obtain a clear profile of the 
defect in the reconstruction process, the zero values of 𝐵0(𝑘) are assigned at the frequencies 
near the regions of the cuspidal points, where one fifth of the maximum B0(k) at each 
cuspidal point is observed. Fig. 8 shows a more precise defect depth as compared with the 
defect profile in Fig. 6. Although the defect depth predicted is slightly deeper than the real 
defect depth, a good agreement between the two results can be seen with acceptable accuracy. 
The defect location and shape can be preliminarily determined by QDFT approach for 
reconstruction. As described in Section 4, the main reason for the discrepancy between two 
curves in Fig. 8 is that the reference defect used in Case 2 (𝑙𝑎𝑦 = 1.40h   and 𝑑𝑎𝑦 = 0.1667h) 
has a remarkably different depth compared with the real defect (𝑙𝑎𝑦 = 1.40h   and  𝑑𝑎𝑦 =
0.3333h).  
 
Fig. 6 Reconstructing the defect using Case 2 as a reference model 
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Fig. 7 Fourier transform of defect depth in the non-defective region in Fig.6   
 
Fig. 8 Reconstructing defect by filtered 𝐵0(𝑘) of Case 2 
 
5.2 Effect of 𝐵0(𝑘) on the accuracy of reconstruction of defects 
  In Fig. 9, four common types of defects, i.e., a single rectangular flaw, a double-stepped 
flaw, a penta-stepped flaw, and a double rectangular flaw, have been investigated. To 
effectively reflect the incident guided waves from defects in pipe structures, the fundamental 
torsional mode T(0,1), which is a non-dispersive mode and its phase velocity is equal to the 
transverse velocity, is generated and detected by ultrasonic experiments.  
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Fig. 9 Defect models to be reconstructed: (a) a single rectangular defect, (b) a double-stepped defect, (c) 
a penta-stepped defect, and (d) double rectangular defects 
  To further assess high-efficiency and accuracy of the developed fast QDFT approach for 
detecting surface defects in pipeline structures, each of three different defects shown in Fig. 4 
is used as the reference model to reconstruct four types of defects, whose shapes are given in 
Fig. 9: (a) a single rectangle defect with 𝑙ay = 1.7111h and   𝑑ay = 0.1667h , (b) a 
double-stepped defect with the step depth of 0.0833h and 𝑙ay = 2.40h, (c) a five-stepped 
defect with the step depth of 0.10h and 𝑙ay = 1.40h, and (d) double rectangle defects, 
whose widths and depths are 𝑙ay = 0.7778h ,  𝑑ay  =0.1667h and 𝑙ay = 0.6222h, 𝑑ay =
0.3333h, respectively.  
  Fig. 10 shows results obtained from each of three reference models have been compared 
with the real defect. Since the defect shape of the reference model in Case 1 (𝑙𝑎𝑦 =
0.7778h and 𝑑𝑎𝑦 = 0.3333h) is the most different from the given single rectangle defect 
( 𝑙ay = 1.7111h and   𝑑ay = 0.1667h ), it is obviously observed that the accuracy of 
reconstruction in Case 1 is the worst among three cases. Either of reference models in Case 2 
or Case 3 has more capability to provide 𝐵0(𝑘) with high accuracy for reconstruction of the 
unknown defect using QDFT. In general, all three reference models can be used to reconstruct 
the defect with acceptable precision. 
  For a double-stepped defect shown in Fig. 9(b), the most accurate information of 𝐵0(𝑘) 
obtained from the reference model in Case 2 for reconstruction can be observed in Fig. 11 
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with respect to the shape and depth of the unknown defect. Similarly, reconstruction by the 
reference model in Case 1 can be assessed with the best accuracy among all three reference 
models due to its closest geometric parameters to the representative feature of the 
five-stepped flaw in Fig. 12. This can also help understand why the construction by Case 3 
has better accuracy than the one by Case 2. 
The most challenging problem is to reconstruct the double rectangle defects shown in Fig. 
9(d). As the aforementioned discussion, the representative feature of double rectangle defects 
is described as 𝑙ay = 0.7778h and 𝑑ay= 0.3333h, which can be reflected by the reference 
model in Case 1. This is the reason why the best result relating to the reference model in Case 
1 is observed in Fig. 13. The good agreement of predicted results with the real double 
rectangle defects proves the correctness and efficiency of the proposed QDFT approach for 
nondestructive detection and reconstruction of the defects in the complex structures. 
  Throughout these simulations analyzed, it is concluded that three indexes including the 
maximum depth of the defect, the defect area, and the equivalent width of the defect can be 
proposed to judge the similarity between the reference model and unknown defect. It is also 
noted that the equivalent width of the defect should be calculated using the maximum depth 
of the defect divided by the defect area. 
 
Fig. 10 Reconstructing the single rectangular defect by 𝐵0(𝑘) in Cases 1, 2 and 3, respectively 
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Fig. 11 Reconstructing the double-stepped defect based on the reference models of Case 1, 2 and 3, 
respectively 
 
Fig. 12 Reconstructing the penta-stepped defect based on the reference models of Case 1, 2 and 3, 
respectively 
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Fig. 13 Reconstructing the double rectangular defects based on the reference models of Case 1, 2 and 3, 
respectively 
6. Conclusions 
Quantitative Detection of Fourier Transform (QDFT), a novel approach capable of 
providing high level of accuracy and efficiency for nondestructive detection of defects, is 
proposed in this paper. Based on boundary integral equations and Fourier transform, this 
method helps establish an explicit connection between reflection coefficients of guided waves 
and the defect shape by introducing a wavenumber-dependent function 𝐵(𝑘), which is 
applied to reconstruct the unknown defects in use of the reference defect model. It is certain 
that signal processing is indispensable to improve the precision of this procedure. To 
demonstrate the correctness and efficiency of this developed approach, three types of defects: 
a single rectangular flaw, double rectangular flaws and stepped deep flaws, are examined by a 
comparative study on the reconstruction precision of defects between different reference 
models and real defects. Further analyses have shown that the maximum depth of the defect, 
the defect area, and the equivalent width of the defect are three indexes to judge the similarity 
between the reference model and unknown defect, which also control the reconstruction 
accuracy. It is noted that QDFT is suitable for solving general two-dimensional surface defect 
problems and also avoids the necessity of deriving closed-form Green’s functions for complex 
defected structures. The proposed approach contributes to the characterization of surface 
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defects and would also broaden the scope of nondestructive defect inspection using ultrasonic 
guided waves. 
  Future investigations are required on enhancement of the QDFT approach by iterative 
analyses in order to adopt a general reference model for high accurate reconstruction of 
two-dimensional surface defects in complex structures.  
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